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Abstract
We study consequences of the Kawai-Lewellen-Tye (KLT) relations applied to tree ampli-
tudes in toroidal compactifications of string theory to four dimensions. The closed string tree
amplitudes with massless external states respect a global SU(4)×SU(4) symmetry, which is
enhanced to the SU(8) R-symmetry of N = 8 supergravity in the field theory limit. Our anal-
ysis focuses on two aspects: (i) We provide a detailed account of the simplest SU(8)-violating
amplitudes. We classify these processes and derive explicit superamplitudes for all local 5-
and 6-point operators with SU(4)×SU(4) symmetry at order α′3. Their origin is the dila-
tonic operator e−6φR4 in the closed-string effective action. (ii) We expand the 6-point closed
string tree amplitudes to order α′3 and use two different methods to isolate the SU(8)-singlet
contribution from e−6φR4. This allows us to extract the matrix elements of the unique SU(8)-
invariant supersymmetrization of R4. Their single-soft scalar limits are non-vanishing. This
demonstrates that the N = 8 supergravity candidate counterterm R4 is incompatible with
continuous E7(7) symmetry. From the soft scalar limits, we reconstruct to quadratic order the
SU(8)-invariant function of scalars that multiplies R4, and show that it satisfies the Laplace
eigenvalue equation derived recently from supersymmetry and duality constraints.
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1 Introduction
In this paper we present consequences of the Kawai-Lewellen-Tye (KLT) relations [1] in string
theory toroidally compactified to four dimensions. The KLT relations encode a remarkable re-
lationship between n-point closed- and open string tree amplitudes. In the field-theory limit,
α′ → 0, the relations are often expressed as “ gravity = (gauge theory)2 ”. Schematically, we write
KLT as
Mn =
∑
P
fn(sij)An × A˜n , (1.1)
where Mn is a closed string tree amplitude, fn is a function of Mandelstam variables, and An and
A˜n are ordered tree amplitudes in the “left” and “right” open string theories. The sum is over
certain permutations P of external states. Our study is restricted to string tree amplitudes with
external states exclusively from the massless sectors, i.e. the states of N = 4 SYM and N = 8
supergravity.
Closed string theory does not have any continuous global symmetries; however, the tree level
amplitudes with massless external states vanish unless the states form an SU(4)×SU(4) invariant.
The origin of this symmetry is the SO(6, 6) duality group of the toroidal compactification. The
SU(8) R-symmetry group of N = 8 supergravity is broken explicitly to SU(4) × SU(4) by the
α′3-corrections to the closed string tree amplitude. In the effective action this can be understood
through the appearance of the operator e−6φR4, where φ is the dilaton. We construct SU(8)-
violating amplitudes explicitly via KLT and study their supersymmetrizations. This is naturally
connected to the promotion of KLT to super-KLT relations for superamplitudes.
In N = 8 supergravity, any possible logarithmic divergences in loop computations [2] based
on generalized unitarity [3] correspond to supersymmetric and SU(8)-invariant counterterms.
Operators such as D2kR4 are studied as candidate counterterms [4, 5, 6, 7, 8, 9] (see [10] for a
recent review). The global E7(7) symmetry [11] of N = 8 supergravity is spontaneously broken to
SU(8), and the 70 scalars ϕ of N = 8 supergravity are the Goldstone bosons. E7(7) requires that
the matrix elements of a candidate counterterm vanish in the single-soft scalar limit (for recent
discussions, see [12, 13, 14]). In this paper, we show that the 6-point matrix elements of the 3-loop
counterterm R4 have non-vanishing single-soft scalar limits; therefore R4 violates E7(7). We use
the string tree amplitudes as a technical tool for computing the matrix elements of R4. This
requires that we remove the SU(8)-violating contributions from string moduli in order to isolate
the SU(8)-invariant part, and we develop the tools to do so.
As noted above, the closed string effective interaction e−6φR4 violates SU(8). Let us present
a simple direct illustration of this. The massless N = 8 closed string spectrum has 35 pairs of
complex scalars, which decompose in three different ways into products of open string states: 1
pair ϕ, ϕ¯ from opposite helicity gluons, 16 pairs ϕf , ϕ¯f from opposite helicity gluinos, and 18 pairs
ϕs, ϕ¯s from scalars. In the field theory limit α
′ → 0, the 35 scalar pairs are SU(8)-equivalent.
However, at order α′3, the 3 different 6-point matrix elements with two conjugate scalars and four
gravitons are distinct; in particular, they have inequivalent single-soft scalar limits. An explicit
KLT computation, using the open string tree amplitudes of [15, 16] as input, gives
lim
p1→0
〈
ϕ ϕ¯ ++−−〉
e-6φR4
= 6× [34]4〈56〉4 , lim
p1→0
〈
ϕf ϕ¯f ++−−
〉
e-6φR4
= 3× [34]4〈56〉4 ,
lim
p1→0
〈
ϕsϕ¯s ++−−
〉
e-6φR4
= 0 . (1.2)
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If SU(8) were unbroken, these matrix elements (and their soft scalar limits) would have been
identical. The fact that they are different is a clear signature of SU(8)-violation. Let us note that
the result (1.2) shows that some matrix elements of e−6φR4 exhibit non-vanishing single-soft scalar
limits, consistent with the results of a previous analogous computation of Bro¨del and Dixon [17].
Since e−6φR4 violates SU(8), the maximal compact subgroup of E7(7), there is no reason for the
scalar soft-limits to vanish. Note, however, that the third soft limit in (1.2) vanishes. This is no
coincidence: when α′ > 0, E7(7) is explicitly broken to SO(6, 6), and the scalars ϕs ϕ¯s are the 36
Goldstone bosons of the spontaneous breaking of SO(6, 6) to SU(4) × SU(4).1
We use two different methods to extract the SU(8)-invariant part of the supersymmetrization
of e−6φR4. The resulting matrix elements are the matrix elements of the unique SU(8)-invariant
non-linear completion of R4. In the first method, we obtain the matrix elements of R4 by “aver-
aging” the matrix elements of e−6φR4 over SU(8). This approach is presented in section 3 and
requires no knowledge of superamplitudes. The second method (section 6) applies the superampli-
tude technology developed in sections 4 and 5 (extending earlier work in [18, 9]) to systematically
isolate and remove the SU(8)-violating contribution. In both approaches we find that the 6-point
NMHV matrix elements of R4 have non-vanishing single-soft scalar limits, specifically
lim
p1→0
〈
ϕ ϕ¯++−−〉
R4
= lim
p1→0
〈
ϕf ϕ¯f ++−−
〉
R4
= lim
p1→0
〈
ϕs ϕ¯s++−−
〉
R4
= − 6
5
[34]4〈56〉4 .
(1.3)
The difference between (1.2) and (1.3) can be attributed precisely to the SU(8)-violating pollution
from φ2R4.
We emphasize that the matrix elements of the SU(8)-invariant supersymmetrization of R4
are unique. If there were a second non-linear completion of R4 respecting SU(8), the difference
between both completions would be a local supersymmetric dimension-8 operator.2 Its leading
matrix elements are 5-point or higher, because both completions of R4 must coincide at 4-point.
However, no such higher-point dimension-8 operator exists [5, 9]. We conclude that the E7(7)-
incompatibility of the soft limits (1.3) cannot be cured by any non-linear modification of R4.
Our results are consistent with the findings of Green, Miller, Russo and Vanhove [8], whose
analysis of moduli-dependence showed that R4 must necessarily violate E7(7)-symmetry. Specifi-
cally, these authors derive constraints from duality and supersymmetry on the moduli-dependence
of operators f(ϕ)R4. In four dimensions, the constraint takes the form of an eigenvalue equation
∆f(ϕ) = λf(ϕ), where ∆ is the Laplacian of the coset-space E7(7)/SU(8) parameterized by the 70
ϕ’s. We show that the coefficient −6/5 in (1.3) is precisely the one needed to satisfy the Laplace
equation at quadratic order in the scalars. The analysis of [8] suggests that the operators D4R4
and D6R4 are also incompatible with E7(7). It would be interesting to extend our analysis to
study these 5- and 6-loop candidate counterterms.
Motivated by the SU(4) × SU(4) symmetry of closed string tree amplitudes, we present a
detailed treatment of superamplitudes and local operators with this symmetry. The closed string
tree amplitudes do not obey the simple NkMHV amplitude classification of supergravity, but are
instead labeled by two integers k and k˜: in KLT, an N(k,k˜)MHV closed string tree amplitude stems
from the product of an NkMHV open string amplitude An and an N
k˜MHV open string amplitude
1We have verified limp1→0
〈
ϕs ϕ¯s ++−−
〉
= 0 for the closed string amplitude up to and including order α′7.
2 In this work, we define the dimension of an operator as the mass dimension of its matrix elements with the
couplings (κ and α′) stripped off. In this counting, all terms in the non-linear completion of an operator have the
same dimension, and all L-loop candidate counterterms of N = 8 supergravity have dimension 2L+ 2.
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A˜n. We find that without SU(8), R
4 is no longer the unique dimension-8 operator, but instead
there are additional, independent local supersymmetric operators with n > 4 fields. These can
be understood as dilatonic operators of the form φmR4. We present explicit expressions for the
superamplitudes associated with φR4 and φ2R4.
Recently, BCFW recursion relations [19] have been used to derive quadratic relations between
gauge-theory tree amplitudes [20]. These identities can be understood from KLT as the statement
that SU(8)-violating amplitudes must vanish in the α′ → 0 limit. Aspects of this were also
discussed recently in [21, 22]. We present generalizations of these identities, in particular new
linear relations between the matrix elements of the supersymmetrization of F 4. These relations
immediately follow from the vanishing of the closed string tree amplitude at order α′2, which was
also noted by [17].
The paper is structured as follows. In section 2 we introduce the spectrum of massless states,
the KLT relations and the relevant symmetries. We then present the simplest example of an
SU(8)-violating amplitude. Section 3 contains our first approach to isolating the SU(8)-invariant
matrix elements of R4 from the O(α′3) string tree amplitude, and we compare their non-vanishing
single-soft scalar limits to the constraints derived in [8]. We introduce the N(k,k˜)MHV classification
of the closed string tree amplitudes in section 4 and illustrate how super-KLT relations work.
We present SU(4) × SU(4) preserving superamplitudes and solve their SUSY Ward identities
in the simplest sectors. In section 5, we construct 5- and 6-point superamplitudes for SU(8)-
violating local operators of dimension 8. The superamplitude technology is then used in section
6 as our second method to show that R4 is not E7(7) compatible, and we determine the explicit
superamplitude that relates the 6-point matrix elements of e−6φR4 and R4. In section 7, we
present new linear identities for the matrix elements of F 4.
The closed string tree amplitudes in this work are all obtained from open string tree amplitudes
via KLT. We are grateful to Stieberger and Taylor for having provided us with Mathematica codes
containing the α′-expansions of the NMHV open string tree amplitudes of their paper [16].
2 KLT relations and SU(8)-violating processes
2.1 Spectrum, KLT and symmetries
We study string amplitudes with massless external states of string theory, toroidally compactified
to four dimensions. The external states in the open string amplitudes will be the 16 massless
states of N = 4 SYM. The gluons, four gluinos and six scalars transform in r-index antisymmetric
representations of SU(4) for r = 0, . . . , 4, i.e. the gluons are singlets, the gluinos transform in the
4 and 4, and the scalars in the 6. We label them as
g+ , λ+ = λa , zab , λ− = λabc , g− = gabcd . (2.1)
Their helicities are h = +1,+12 , 0,−12 ,−1.
The massless closed string external states are the 256 states of N = 8 supergravity, which are
labeled by fully antisymmetric irreps of the SU(8):
h+ , ψ+ = ψa , v+ = vab , χ+ = χabc , ϕabcd , . . . h− = habcdefgh . (2.2)
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The helicities are +2,+32 , . . . ,−2. Note in particular that the scalars ϕabcd sit in the 70 of SU(8).3
The massless closed string states can be obtained from products of two massless open string
states. We distinguish the open string states in the product by dressing the right-movers with a
tilde and leaving the left-movers untilde’d. Gravitons are products of two same-helicity gluons,
h± = g± ⊗ g˜±, half of the gravitinos come from g± ⊗ l˜± while the other half come from the
left/right exchanged product l± ⊗ g˜±. A precise map of the full spectrum can be found in Table
1 of [12].
The KLT relations express the closed string tree amplitudes in terms of open string tree
amplitudes. Let us here present the explicit KLT formulas for n = 4, 5:
M4(1, 2, 3, 4) =
sin(α′πs12)
α′π
A4(1, 2, 3, 4) A˜4(1, 2, 4, 3) ,
M5(1, 2, 3, 4, 5) = −sin(α
′πs12) sin(α′πs34)
α′2π2
A5(1, 2, 3, 4, 5) A˜5(2, 1, 4, 3, 5) + (2↔ 3) .
(2.3)
We use An and A˜n to indicate the open string amplitudes andMn for the closed string amplitudes.
The KLT relations rely on the decomposition of closed string states as products of open string
states that we described above.
The open string tree amplitudes respect a global SU(4) symmetry. It follows directly from
the decomposition of states and the KLT relations that the closed string tree amplitudes vanish
unless their massless external states form an SU(4) × SU(4) invariant. In the strict field theory
limit α′ → 0, this symmetry is enhanced to the global SU(8) R-symmetry of N = 8 supergravity.
As we shall see shortly, the breaking of SU(8) to SU(4)× SU(4) is manifest in the α′-corrections
to the closed string amplitude.
Finally, let us note that KLT and the decomposition of the closed string states also gives a
discrete symmetry Z2 corresponding to the interchange of left- and right-movers; it amounts to
the flip An ↔ A˜n in the KLT relations.
2.2 The dilaton and its SU(8)-violating amplitudes
Consider the closed string states obtained from products of gluons: two same-helicity gluons give
a graviton, while combinations of opposite-helicity gluons give two scalars. One scalar is the
dilaton φ and the other is the axion a. Specifically, the canonical decomposition {1, 2, . . . , 8} →
{1, 2, 3, 4} ⊗ {5, 6, 7, 8} gives
h± ↔ g± ⊗ g˜± , ϕ ≡ ϕ1234 ↔ g1234 ⊗ g˜+ , ϕ ≡ ϕ5678 ↔ g+ ⊗ g˜5678 , (2.4)
and the dilaton φ is identified as the SU(4)× SU(4) × Z2 invariant combination
φ =
1
2
(
ϕ+ ϕ
)
=
1
2
(
ϕ1234 + ϕ5678
)
. (2.5)
As ϕ and ϕ are conjugate complex scalars, the dilaton is a real scalar field. Similarly, the axion
a = i(ϕ − ϕ)/2 is the real pseudo scalar associated with the orthogonal linear combination. It is
easy to see that, with the normalization (2.5), the amplitudes of φ are related to the amplitudes
3 We emphasize that SU(8) is not a symmetry of the closed string tree amplitudes. It is the R-symmetry of
N = 8 supergravity, and we use it to label the massless states.
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of ϕ, ϕ as
Mn(φ , . . .) = Mn(ϕ , . . .) + Mn(ϕ , . . .) . (2.6)
We can then write any dilaton amplitude in terms of amplitudes with ϕ and ϕ.
4-point amplitudes
There are no SU(8)-violating 4-point amplitudes. For example, amplitudes with gravitons and a
single dilaton vanish because they are expressed in terms of helicity-violating open string ampli-
tudes,4 e.g.
M4(φ, 2
+, 3+, 4−) = 2M4(ϕ, 2+, 3+, 4−) ∝ A4(1−, 2+, 3+, 4−) A˜4(1+, 2+, 4−, 3+) = 0 . (2.7)
Here we used the Z2 left/right exchange symmetry in the first step and KLT in the second.
Likewise, M4(ϕ,ϕ, 3
+, 4−) = 0. However, amplitudes involving two dilatons have SU(8) invariant
contributions that are non-vanishing,
1
2
M4(φ, φ, 3
+, 4−) = M4(ϕ,ϕ, 3+, 4−) =
sin(α′πs12)
α′π
A4(1
−, 2+, 3+, 4−) A˜4(1+, 2−, 4−, 3+)
=
〈14〉4〈24〉4
〈12〉8 M4(1
−, 2−, 3+, 4+) . (2.8)
The last identity follows from the fact that the amplitude M4(ϕ,ϕ, 3
+, 4−) is MHV.
5-point amplitudes
The simplest SU(8)-violating amplitude is M5(ϕ, 2
+, 3+, 4−, 5−). Schematically, KLT relates
M5(ϕ, 2
+, 3+, 4−, 5−) ↔ A5(1−, 2+, 3+, 4−, 5−) A˜5(2+, 1+, 4−, 3+, 5−) + (2↔ 3) , (2.9)
where A5 is anti-MHV while A˜5 is MHV.
Since the amplitude (2.9) manifestly violates SU(8), it vanishes in the field theory limit α′ → 0.
This gives a quadratic constraint on Yang-Mills gluon amplitudes, which is recognized as one of
the so-called “vanishing identities” recently presented in [20] and discussed in [21, 22]. Generally,
the quadratic identities of [20] can be identified as the field theory limit of KLT with SU(8)-
violating gravity amplitudes. Non-trivial identities are obtained only for SU(4)×SU(4) invariant
combinations of the external states.
In the α′-expansion, the leading contribution to the amplitude (2.9) enters at order α′3. The
effective field theory has a corresponding local 5-point operator of dimension 8, namely φR4. The
5-point matrix elements of this local operator must be polynomial in the external momenta and
be of mass dimension 8. When expressed in spinor helicity formalism it must respect the “little
group scaling”, Mn({ti|i〉, t−1i |i], hi}) = t−2hii Mn({|i〉, |i], hi}), where hi is the helicity of the ith
particle. These properties determine the amplitude (2.9) uniquely as c [23]4〈45〉4. The constant c
can be determined using KLT. The α′-expansion of the open string 5-point amplitude is readily
available in the literature [15], and via KLT we find
M5(1
+, 2+, 3−, 4−, φ) = 2M5(1+, 2+, 3−, 4−, ϕ) = 12 ζ(3)α′3 [12]4〈34〉4 + O(α′5) . (2.10)
There are no pole-diagram contributions to this amplitude. The entire result (2.10) comes from
4 String amplitudes obey the same SUSY Ward identities as the field theory amplitudes [23]. Therefore, helicity
violating superstring amplitudes 〈+ · · ·++〉 and 〈+ · · ·+−〉 vanish.
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the local operator φR4, whose origin is the Einstein frame operator e−6φR4.
Comment on inequivalent SU(4)× SU(4) ⊂ SU(8) embeddings
Before closing this section, it is worth remarking on the SU(4) × SU(4) ⊂ SU(8) embeddings of
the closed string spectrum. All 35 decompositions are equivalent in the field theory limit α′ → 0.
For example, we have
M sugra6 (ϕ
1234ϕ5678++−−) = M sugra6 (ϕ12|56ϕ34|78++−−) = −M sugra6 (ϕ123|5ϕ4|678++−−) , (2.11)
because these three amplitudes are SU(8)-equivalent and therefore give identical results (up to
the overall sign from odd permutations of the SU(8)-indices). In (2.11), and in the following, we
use | to separate indices that lie in distinct SU(4) factors.
Relations like (2.11) do not hold for closed string amplitudes. The dilaton, for example,
selects out a preferred direction among the 70 scalars. This special direction is reflected in the
KLT relations through the choice of a left/right decomposition that selects the SU(4) × SU(4)
subgroup of SU(8). In the canonical decomposition {1, 2, . . . , 8} → {1, 2, 3, 4} ⊗ {5, 6, 7, 8}, the
scalars ϕ1234 and ϕ5678 come from products of opposite-helicity gluons (2.4), and are related to
the dilaton (2.5). The other scalars arise from scalar or gluino products, specifically5
[ϕ12|56ϕ34|78] ↔ [z12 z34]⊗ [z˜56 z˜78] , − [ϕ123|5ϕ4|678] ↔ [l123 l4]⊗ [l˜5 l˜678] . (2.12)
In sections 3 and 6 we show that the three amplitudes in (2.11) have distinct α′3-corrections.
One could also consider non-canonical decompositions SU(8)→ SU(4)× SU(4), for example
{1, 2, . . . , 8} → {1, 2, 7, 8}⊗{3, 4, 5, 6}. This simply rotates which scalars ϕ are identified with the
dilaton, etc. In this paper we will always use the canonical decomposition.
3 Soft scalar limits and (the elimination of) SU(8)-violation
In this section we use single-soft scalar limits to prove that the SU(8)-invariant supersymmetriza-
tion of the 3-loop R4 candidate counterterm of N = 8 supergravity is incompatible with E7(7)
symmetry. MHV amplitudes have vanishing single-soft scalar limits, so we need 6-point NMHV
amplitudes for non-trivial tests. Specifically, we show that the NMHV amplitude 〈ϕϕ++−−〉R4
of R4 is non-vanishing in the limit p1 → 0.
Our strategy is to use KLT to obtain 6-point NMHV closed string tree amplitudes with two
scalars and four gravitons. At order α′3, superstring theory gives tree amplitudes of the super-
symmetric operator e−6φR4. This operator has two parts: one that violates SU(8) and one that
preserves SU(8). We systematically eliminate the SU(8)-violations by averaging over SU(8). This
leaves the desired amplitude 〈ϕϕ++−−〉R4 of the SU(8)-invariant supersymmetrization of R4.
(In section 6 we give an independent derivation based on superamplitudes.)
It is useful to introduce notation for the amplitudes studied in this section. We write the
α′-expansion of the closed string amplitude as
Mn(. . .) = M
sugra
n (. . .) − 2ζ(3)α′3
〈
. . .
〉
e-6φR4
+ O(α′5) . (3.1)
5The minus in the second state decomposition arises from interchanges of fermionic operators.
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The ‘. . . ’ refer to the n external states. In the effective action, all order α′3-corrections to the
amplitude come from the SU(4)× SU(4)-invariant supersymmetrization of the operator e−6φR4;
hence the subscript on 〈 . . . 〉. To avoid repeating the same common factors in the O(α′3) matrix
elements, we have pulled out a factor of −2ζ(3). With this normalization we have
〈
++−−〉
e-6φR4
= [12]4〈34〉4 , 〈++−− φ〉
e-6φR4
= − 6× [12]4〈34〉4 . (3.2)
The first result follows from the α′-expansion of the Virasoro-Shapiro-factor of the closed string
4-graviton amplitude. The 5-point graviton-dilaton amplitude was already presented in (2.10).
3.1 Warm-up: 6-point graviton-dilaton amplitude
As a warm-up, let us start with the 6-point amplitude with two dilatons and four gravitons. In
the effective field theory description, the α′3-terms of this amplitude receives a local contribution
from the operator φ2R4. From the expansion of e−6φR4 and the results (3.2), we immediately
infer that
〈
φφ++−−〉
e-6φR4
∣∣∣
local
= 36× [34]4〈56〉4 . (3.3)
As we will see next, this local contribution accounts for the entire single-soft scalar limits of〈
φφ++−−〉
e-6φR4
.
The graviton-dilaton amplitude can be expressed in terms of amplitudes involving the scalars
ϕ and ϕ defined in (2.4). Using (2.5) and the Z2-exchange symmetry, we have
M6(φφ++−−) = 2M6(ϕϕ ++−−) + 2M6(ϕϕ ++−−) . (3.4)
The amplitude M6(ϕϕ + + − −) manifestly violates SU(8) and therefore vanishes in the field
theory limit. Its leading contribution appears at O(α′3). We can compute it using KLT with the
state decomposition
[ϕϕ ++−−] ↔ [−−++−−]⊗ [+ + + +−−] . (3.5)
The 6-point MHV open string amplitude is available in [15], and anti-MHV is obtained by conju-
gation. The KLT calculation gives
〈
ϕϕ ++−−〉
e-6φR4
= 12× [34]4〈56〉4 . (3.6)
Locality of this result is consistent with the Feynman rules of e−6φR4; no pole terms can contribute
at this order.
The external states of the last amplitude in (3.4), M6(ϕϕ++−−), include an SU(8)-singlet,
and it is therefore non-vanishing for α′ = 0. The supergravity contribution can be calculated from
recursion relations, and we checked that it matches the α′ → 0 limit of the amplitude obtained
from KLT. The needed KLT state decomposition is
[ϕϕ ++−−] ↔ [−+++−−]⊗ [+−++−−] . (3.7)
The NMHV open string gluon amplitudes can be found in [16]. On the closed string side, the
leading α′-correction is at order α′3. From the point of view of the effective field theory, it contains
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non-local terms arising from pole diagrams with 4- and 5-point vertices from e−6φR4, as well as
local 6-point contact terms. We find that the single-soft scalar limit p1 → 0 is particularly simple:
lim
p1→0
〈
ϕϕ++−−〉
e-6φR4
= 6× [34]4〈56〉4. (3.8)
Now combine (3.4), (3.6) and (3.8) to find
lim
p1→0
〈
φφ++−−〉
e-6φR4
= 2 lim
p1→0
〈
ϕϕ++−−〉
e-6φR4
+ 2 lim
p1→0
〈
ϕϕ ++−−〉
e-6φR4
= 36 × [34]4〈56〉4 .
We compare with (3.3) and note that the entire contribution to the non-vanishing single-soft
scalar limit arises from the local operator φ2R4. One should of course not be surprised that
the dilaton amplitude has non-vanishing single-soft scalar limits: it is associated with the local
operator e−6φR4, which violates SU(8), so it is not compatible with E7(7).
The point of this subsection was to illustrate the role of the dilaton in the non-vanishing single-
soft scalar limit of the closed string amplitude M6(+ + − − ϕϕ). This amplitude contains both
SU(8)-preserving and SU(8)-violating contributions. Our task in the next section is to isolate the
SU(8)-singlet contribution.
3.2 Construction of SU(8)-invariant matrix elements and soft scalar limits
It is convenient to reintroduce the SU(8) indices of ϕ = ϕ1234 and ϕ = ϕ5678. The decomposition
of the scalar polynomial ϕ1234ϕ5678 contains an SU(8)-singlet as well as components that are only
SU(4)× SU(4)-invariant. The SU(8)-singlet is
(ϕϕ)singlet =
1
8!
ǫa1a2a3a4a5a6a7a8 ϕ
a1a2a3a4 ϕa5a6a7a8 =
1
35
Sym35(ϕ
1234ϕ5678) , (3.9)
where Sym35 stands for the sum over the 35 inequivalent polynomials obtained from antisym-
metrization of the indices {1, 2, . . . , 8}.
The SU(8)-invariant two-scalar amplitude 〈ϕϕ ++−−〉 of R4 is given by the singlet contri-
bution to the corresponding two-scalar amplitude of e−6φR4:
〈
ϕϕ ++−−〉
R4
≡ 〈(ϕϕ)singlet ++−−〉e-6φR4 . (3.10)
Averaging the matrix elements with two scalars and four gravitons over the 35 distinct arrange-
ments of SU(8)-indices given in (3.9), we get
〈
ϕϕ++−−〉
R4
=
1
35
〈
ϕ1234ϕ5678 ++−−〉
e-6φR4
− 16
35
〈
ϕ123|5ϕ4|678 ++−−〉
e-6φR4
+
18
35
〈
ϕ12|56ϕ34|78 ++−−〉
e-6φR4
. (3.11)
We have exploited SU(4) × SU(4)-invariance of the closed string tree amplitude to organize the
matrix elements into three groups with inequivalent SU(4)× SU(4) structures.
All we have to do now is swing the three amplitudes on the right-hand side of (3.11) through
KLT; then we have the desired singlet contribution and we can calculate its soft scalar limit. The
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decompositions of the closed string scalars of (3.11) into open string states were given in (2.4)
and (2.12). The required open string amplitudes are all in the NMHV sector. They are not all
among the 12 open string amplitudes presented by Stieberger and Taylor [16]. We use the solution
to the N = 4 SYM SUSY Ward identities [18] to express the 5 basis amplitudes in eq. (3.13) of
[18] in terms of 5 amplitudes from [16]. This, together with KLT, then allows us to automate (in
Mathematica) the process of obtaining any open or closed string 6-point NMHV tree amplitude.6
For the three scalar-graviton amplitudes (3.11), the result is a set of complicated amplitudes at
O(α′3), but their single-soft scalar limits are very simple:7
lim
p1→0
〈
ϕ1234ϕ5678 ++−−〉
e-6φR4
= 6× [34]4〈56〉4,
lim
p1→0
〈
ϕ12|56ϕ34|78 ++−−〉
e-6φR4
= 0 , (3.12)
lim
p1→0
〈
ϕ123|5ϕ4|678 ++−−〉
e-6φR4
= 3× [34]4〈56〉4 .
We can now combine the results (3.11) and (3.12) to obtain the single-soft scalar limits of R4:
lim
p1→0
〈
ϕϕ++−−〉
R4
= − 6
5
[34]4〈56〉4 6= 0 . (3.13)
Since the matrix elements of R4 are SU(8)-invariant, (3.13) holds for any of the 35 pairs of
conjugate scalars. The single-soft scalar limits of R4 are non-vanishing, and this demonstrates
the incompatibility of the SU(8) supersymmetrization of R4 with E7(7)-symmetry. It is therefore
excluded as a candidate counterterm in perturbative N = 8 supergravity.
3.3 Matching of soft scalar limits to automorphism analysis
The moduli dependence of operators of the form f(ϕ)D2kR4 was studied in [8, 25]. In four
dimensions, f(ϕ) must satisfy the Laplace equation
∆f(ϕ) = λf(ϕ) , with λ =
3(11 −D)(D − 8)
D − 2
∣∣∣∣∣
D=4
= −42 . (3.14)
∆ is the Laplacian on the coset space E7(7)/SU(8), which is parameterized by the scalars ϕ
ijkl.
In our normalization of the 70 scalars ϕijkl, the Laplacian takes the form8
∆ =
( ∂
∂ϕ1234
∂
∂ϕ5678
+ 34 inequivalent perms
)
+ . . . (3.15)
6The fact that the solutions to the SUSY Ward identities for 6-point amplitudes only require 5 independent basis
amplitudes allowed us to check 7 non-trivial relationships among the 12 open string amplitudes of [16].
7We determine these limits numerically and find convergence towards the results (3.12) as the momentum p1 is
decreased. Working at high numerical precision we come within 10−40 of the shown integer coefficients for several
different values of the external momenta.
8 For the complex scalar field Ω of a non-linear sigma model with action (1/ℓ2P )
∫√−g gΩΩ¯ ∂µΩ ∂µΩ¯ , the Laplacian
in [8] is normalized as ∆ = 2gΩ¯Ω∂Ω¯∂Ω + . . . . In our normalization, the four-dimensional Planck length is set to
ℓP =
√
2 to avoid factors (
√
2/ℓP )
n−2 in KLT. Also, all 35 pairs of conjugate scalars ϕ, ϕ¯ are canonically normalized
as
∫√−g ∂µϕ∂µϕ¯+ . . . . The normalizations for complex scalar fields are thus related by Ω →
√
2ϕ. This implies
that the Laplacian ∆ of [8] takes the form (3.15) when expressed in terms of the scalars ϕijkl.
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to leading-order, i.e. the terms ‘. . .’ contain higher powers of the fields ϕ. Our 6-point analysis is
not sensitive to these corrections.
The results
〈
++−−〉
R4
= [12]4〈34〉4 and lim
p1→0
〈
ϕϕ++−−〉
R4
= − 6
5
[34]4〈56〉4 (3.16)
determine the SU(8)-invariant moduli-function fR4(ϕ) of R
4 to quadratic order in the scalars:
fR4(ϕ) = 1−
6
5
(
ϕ1234ϕ5678 + 34 inequivalent perms
)
+O(ϕ4) . (3.17)
It follows that
∆fR4(ϕ) = −
6
5
× 35 +O(ϕ2) = − 42×
(
1 +O(ϕ2)
)
. (3.18)
The right-hand side is l fR4 to leading order. Thus we find that the non-linear SU(8)-invariant
completion of the supersymmetric operator R4 indeed satisfies the constraint (3.14) up to the
order that we constructed it.9
4 Superamplitudes
4.1 N(k,k˜)MHV classification and super-KLT
A generalization of the familiar NkMHV classification is required to accommodate closed string
processes that violate SU(8). Let us first note that in supersymmetric theories without R-
symmetry, amplitudes can in principle have a different NkaMHV level for each supercharge Qa,
a = 1, . . . ,N .10 In supergravity, the SU(8) R-symmetry rotates the supercharges and hence all
amplitudes are classified by a single integer k. It is useful to encode supergravity amplitudes in the
same NkMHV sector into superamplitudes, which are Grassmann polynomials of degree 8 + 8k.
The closed string tree amplitudes respect SU(4) × SU(4) R-symmetry. The supercharges
Q1, . . . , Q4 can be rotated into each other and therefore have the same NkMHV level. Simi-
larly, the supercharges Q5, . . . , Q8 have the same Nk˜MHV level. Hence two integers k and k˜ are
needed to characterize the amplitudes; we denote the sectors by N(k,k˜)MHV. The corresponding
superamplitudes are Grassmann polynomials of degree 8 + 4k + 4k˜.
SU(8)-invariant NkMHV amplitudes vanish unless the external states, labeled with upper
indices only, arrange themselves into an integer number of 8-index Levi-Civita tensors (ǫ........)k+2.
For the case of SU(4)× SU(4)-invariance, the tensor structure (ǫ....)k+2(ǫ˜....)k˜+2 characterizes the
N(k,k˜)MHV sector.
In the KLT relations, N(k,k˜)MHV closed string tree amplitudes are products of open string
amplitudes that lie in the NkMHV and Nk˜MHV sectors, respectively. KLT is then naturally
9We have also performed this match at order α′5 [26], which provides another independent check on the normal-
ization of the Laplacian (3.15).
10It is a consequence of supersymmetry that amplitudes of massless particles vanish unless 0 ≤ ka ≤ n− 4.
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promoted to a super-KLT relation relating superamplitudes:11
∑
k,k˜
M(k,k˜)n =
∑
P
fn(sij)
(∑
k
Akn
)
×
(∑
k˜
A˜k˜n
)
. (4.1)
In N = 8 supergravity we are familiar with NkMHV=N(k,k)MHV amplitudes. Amplitudes with
k 6= k˜ necessarily break SU(8) and therefore vanish when α′ → 0. We have seen explicit examples
in sections 2 and 3. For example, the amplitude M5(ϕ++−−) is N(1,0)MHV, M6(ϕϕ++−−) is
N(2,0)MHV, and M6(ϕϕ++−−) is N(1,1)MHV = NMHV. In the field theory limit, the vanishing
of the SU(8)-violating cross-terms with k 6= k˜ yields a superamplitude version of the “vanishing
identities” mentioned earlier. We discuss stringy generalizations of these identities in section 7.
Amplitudes in supersymmetric theories are related through the Ward identities of supersym-
metry and R-symmetry. For N = 4 SYM and N = 8 supergravity, these constraints have been
solved in full generality in [18]. This gives a manifestly supersymmetric and SU(N )-symmetric
expression for the superamplitudes in terms of a set of independent basis amplitudes. Now we
present a similar solution to the Ward identities for the simplest cases of superamplitudes whose
R-symmetry is reduced to SU(4) × SU(4).
4.2 MHV,
√
NMHV, and N’MHV superamplitudes
It is well-known that the MHV superamplitudes of N = 8 supergravity take the form
MMHVn =
δ(16)
(∑
i |i〉ηia
)
〈n− 1, n〉8 × Mn(+ . . . +−−) . (4.2)
The ηia’s are Grassmann variables
12 labeled by momenta i = 1, . . . , n and SU(8) indices a =
1, . . . , 8. It follows from (4.2) that the MHV sector is completely determined by the single basis
amplitude Mn(+ . . . + −−). For closed string amplitudes in the MHV (i.e. N(0,0)MHV) sector,
the solution to the Ward identities is also just (4.2): the η-dependence of each of the open string
MHV superamplitudes is in the Grassmann delta-function, so KLT simply gives δ(8)× δ˜(8) = δ(16).
The first true SU(4)× SU(4) superamplitude sits at the N(1,0)MHV⊕N(0,1)MHV level, which
we call the “
√
NMHV sector”, for simplicity. As we have seen, it first occurs at the 5-point level,
where it can be understood as a product of MHV and anti-MHV open string amplitudes. Clearly,√
NMHV manifestly breaks SU(8). Our construction of the
√
NMHV superamplitude proceeds
very similarly to the construction in [18] of NMHV superamplitudes in N = 4 SYM. Defining the
Q-invariant polynomials
mijk,a ≡ [ij]ηka + [jk]ηia + [ki]ηja , (4.3)
we can construct
Yijkl = [n−3, n−2]−4 × mi,n-3,n-2;1 mj,n-3,n-2;2 mk,n-3,n-2;3ml,n-3,n-2;4 . (4.4)
Clearly, Yijkl is invariant under the SU(4) transformations acting on a = 5, 6, 7, 8, because it does
not depend on the ηia of this sector. After full symmetrization of its indices, Y(ijkl) is even a fully
SU(4)×SU(4) invariant polynomial. In the following, we will also need the completely analogous
11This type of KLT decomposition was also recently used in [21].
12For details of the notation and SUSY Ward identities we refer the reader to [18].
13
polynomial Y˜ijkl that depends on the ηia in the other SU(4) sector and arises from Yijkl under
the Z2 flip.
The n-point
√
NMHV superamplitude then takes the form
M
√
NMHV
n =
δ(16)
(∑
i |i〉ηai
)
〈n− 1, n〉8 ×
∑
1≤i≤j≤k≤l≤n−4
Mn({i, j, k, l} ++−−)
[
Y(ijkl) + Y˜(ijkl)
]
, (4.5)
where the Z2 symmetry ensured that Y and Y˜ are multiplied by the same basis amplitudes. The
basis amplitudes Mn({i, j, k, l}++−−) have the indicated gravitons on the last four lines. Their
particle content on the remaining lines is determined by the set {i, j, k, l}, which indicates that
state i carries SU(4) index 1, state j carries SU(4) index 2, and so on. Let us illustrate this with
two examples:
M6({1, 1, 1, 1}++−−) ≡ M6(ϕ1234+++−−) , Mn({1, 1, 2, 2}++−−) ≡ Mn(v12v34++−−) .
(4.6)
In general, there are then
(
n−1
4
)
basis amplitudes at the
√
NMHV level. At the 5-point level,
for example, there is precisely one basis amplitude, namely M5({1, 1, 1, 1}++−−) = M5(ϕ1234+
+−−), and the superamplitude is given by
M
√
NMHV
5 =
δ(16)
(∑
i |i〉ηai
)
〈45〉8 ×M5(ϕ
1234 ++−−)[Y1111 + Y˜1111] . (4.7)
Next we discuss the N(2,0)MHV⊕N(0,2)MHV sector, which we denote N’MHV for short. Let
us consider only the n = 6 case. Then this sector comes from anti-MHV×MHV in super-KLT. The
superamplitude requires only one basis amplitude, M6(ϕ
1234ϕ1234 ++−−). The superamplitude
is given by
MN′MHV6 =
δ(16)
(∑
i |i〉ηai
)
〈n− 1, n〉8 ×M6(ϕ
1234ϕ1234 ++−−)
[
Y1111Y2222 + Y˜1111Y˜2222
]
. (4.8)
This superamplitude manifestly violates SU(8) and thus vanishes in the supergravity limit.
4.3 The NMHV sector
Superamplitudes in the N(1,1)MHV (=NMHV) sector are even non-vanishing when the full SU(8)
symmetry is imposed, so their analysis is more subtle. The breaking to SU(4)× SU(4), however,
allows amplitudes to be distinct even if their particle content is related by SU(8). This was
illustrated with the example of three scalar amplitudes in (2.11). Thus, more basis amplitudes are
needed to fully specify NMHV superamplitudes with reduced R-symmetry. The general NMHV
superamplitude takes the form
MNMHVn =
δ(16)
(∑
i |i〉ηai
)
〈n− 1, n〉8
∑
1≤i≤j≤k≤l≤n−4
1≤p≤q≤u≤v≤n−4
Mn({i, j, k, l|p, q, u, v}; + +−−)Y(ijkl)Y˜(pquv) , (4.9)
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where the set {i, j, k, l|p, q, u, v} represents the lines on which the remaining indices a = 1, 2, . . . , 8
are distributed. For example,
M6({1, 1, 2, 2|1, 2, 2, 2}; + +−−) = M6(χ12|5χ34|678 ++−−) . (4.10)
If, in addition, the Z2 symmetry is imposed, we have
Mn({i, j, k, l|p, q, u, v}; + +−−) = Mn({p, q, u, v|i, j, k, l}; + +−−) . (4.11)
At 6-point, with Z2 symmetry, we then have 15 instead of 9 algebraic basis amplitudes. These are
still not functionally independent, because we can exchange lines 1 and 2 due to the permutation
symmetry in these lines. The functionally independent basis of matrix elements with SU(4) ×
SU(4)× Z2 symmetry then consists of only 9 amplitudes, which are given by
M6(+−++−−) , M6(ψ1ψ234|5678 ++−−) , M6(v12v34|5678 ++−−) ,
M6(v
1|5v234|678 ++−−) , M6(χ123χ4|5678 ++−−) , M6(χ12|5χ34|678 ++−−) ,
M6(ϕ
1234ϕ5678 ++−−) , M6(ϕ123|5ϕ4|678 ++−−) , M6(ϕ12|56ϕ34|78 ++−−) .
(4.12)
Imposing full SU(8) is equivalent to demanding
M6(v
12v34|5678 ++−−) = −M6(v1|5v234|678 ++−−) ,
M6(χ
123χ4|5678 ++−−) = M6(χ12|5χ34|678 ++−−) ,
M6(ϕ
1234ϕ5678 ++−−) = M6(ϕ12|56ϕ34|78 ++−−) = −M6(ϕ123|5ϕ4|678 ++−−) .
(4.13)
These SU(8) conditions reduce the number of functionally independent basis elements to 5, as
expected from the results of [18].
5 Local SUSY operators with SU(4)× SU(4) symmetry
The superamplitude formulation of SU(4) × SU(4)-symmetric amplitudes can also be used to
encode the matrix elements of local operators. In [9], superamplitudes for the matrix elements
of local supersymmetric operators were constructed systematically for the case of unbroken R-
symmetry. The basic ingredient of the construction [9] is the fact that local on-shell matrix
elements can be expressed as polynomials in angle- and square brackets 〈ij〉 and [ij]. Little-group
transformation properties and the dimension of the operator then constrain these polynomials,
and a general ansatz can be written down for each basis amplitude. Permutation symmetry is
imposed on the resulting ansatz of the superamplitude, and as shown in [9] this guarantees that
all matrix elements it produces are local.
It is known from various approaches [5, 9] that there is a unique SU(8)-invariant local operator
of mass dimension 8, namely the supersymmetrization of R4. In particular, there are no inde-
pendent SU(8)-invariant local SUSY operators composed of 5- and 6 fields. MHV amplitudes
are automatically SU(8) invariant. We now construct superamplitudes of local operators with
SU(4)× SU(4) symmetry in the simplest sectors beyond the MHV level.
√
NMHV: There exists a unique independent 5-point operator of dimension 8 with reduced
SU(4) × SU(4) × Z2 R-symmetry. It gives local 5-point amplitudes in the
√
NMHV sector. Not
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surprisingly, this operator corresponds to the supersymmetrization of the operator φR4 in the
closed string effective action. We know from (4.5) that the superamplitude is fully specified by a
single basis matrix element M5, which is given by
M5(ϕ
1234 ++−−) = [23]4〈45〉4 . (5.1)
Thus we obtain the following superamplitude
O
√
NMHV
5 = δ
(16)
(∑
i
|i〉ηai
)
× [23]4〈45〉−4[Y(1111) + Y˜(1111)] , (5.2)
which encodes the local contributions of the independent supersymmetrization of φR4. We used
the methods of [9] to verify that (5.2) is a local and permutation-symmetric superamplitude.
At the 6-point level, there are two independent local SUSY operators with SU(4) × SU(4)
symmetry. One operator contributes only at the N’MHV level and the other only at the NMHV
level. The latter will be of particular interest to us in the next section.
N’MHV: We find that there is a unique local SUSY operator of dimension 8 in the N’MHV
sector. Its basis amplitude is
M6(ϕ
1234ϕ1234 ++−−) = [34]4〈56〉4, (5.3)
and thus
ON′MHV6 = δ(16)
(∑
i
|i〉ηai
)
× [34]4〈56〉−4
[
Y1111Y2222 + Y˜1111Y˜2222
]
. (5.4)
Up to an overall normalization, this operator represents the N’MHV contribution of φ2R4.
NMHV: The second independent 6-point operator of dimension 8 with SU(4) × SU(4) × Z2
symmetry is in the NMHV sector. Nine basis matrix elements (4.12) are needed to determine
its 6-point NMHV superamplitude. However, for our operator here only the three scalar basis
matrix elements are non-vanishing. Their momentum dependence is uniquely fixed by the mass
dimension and the little group scaling. Permutation symmetry of the superamplitude fixes their
relative coefficients. We find
M6(ϕ
1234 ϕ5678 ++−−) = 12 × [34]4〈56〉4 ,
M6(ϕ
12|56ϕ34|78 ++−−) = 2× [34]4〈56〉4 ,
M6(ϕ
123|5ϕ4|678 ++−−) = 3× [34]4〈56〉4 .
(5.5)
Since these scalar amplitudes have different numerical coefficients, the SU(8) violation of this
operator is manifest. The explicit superamplitude then reads
ONMHV6 = δ(16)
(∑
i
|i〉ηai
)× [34]4〈56〉−4[12(Y1111Y˜2222 + Y2222Y˜1111)+ 2Y(1122)Y˜(1122)
− 3(Y(1112)Y˜(1222) + Y(1222)Y˜(1112))
]
.
(5.6)
The SU(4)×SU(4)×Z2-invariant superamplitude (5.6) encodes the SU(8)-violating component
of φ2R4 in the NMHV sector. The SU(8)-preserving component of φ2R4 is automatically part of
the supersymmetrization of R4, and therefore does not give rise to another independent local 6-
16
point SUSY operator.13 One can also check directly that no SU(8)-singlet contributions ‘hide’ in
(5.6): if we average the superamplitude (5.6) over SU(8), we find that it is ∝ 12+2×18−3×16 = 0.
6 e−6φR4 versus R4 at the 6-point level
In this section we derive the 6-point NMHV superamplitude associated with the SU(8)-invariant
supersymmetrization of R4. This is done by systematically subtracting SU(8)-violating contribu-
tions from the matrix elements of e−6φR4 arising from the α′-expansion of the closed string tree
amplitude. As R4 is the unique dimension-8 operator with unbroken SU(8) symmetry [5, 9], this
procedure is guaranteed to yield the matrix elements of R4. The analysis here gives an independent
derivation of the non-vanishing soft-scalar limits found in section 3.
We use the convention (3.1) for the matrix elements
〈
. . .
〉
e-6φR4
of e−6φR4. The matrix
elements of the SU(8)-invariant supersymmetrization of R4 are denoted by
〈
. . .
〉
R4
and they
are normalized by the MHV sector
〈
. . .
〉MHV
R4
≡ 〈 . . . 〉MHV
e-6φR4
, (6.1)
where SU(8) is not violated. An explicit check shows that all single-soft scalar limits vanish at
the 4-, 5- and 6-point MHV level. As a warm-up for NMHV, we briefly discuss the
√
NMHV and
N’MHV sectors.
√
NMHV: The 6-point
√
NMHV matrix elements of e−6φR4 are non-vanishing because they
receive non-local contributions from Feynman diagrams involving a φR4 vertex and a supergravity
3-point vertex. Since the
√
NMHV sector manifestly violates SU(8), “subtracting the SU(8)-
violation from e−6φR4” is trivial in this case: the R4 matrix elements in this sector simply vanish,〈
. . .
〉√NMHV
R4
≡ 0.
N’MHV: This sector manifestly violates SU(8), so R4 cannot have any such contributions, and
hence
〈
. . .
〉N′MHV
R4
≡ 0. However, it is instructive to identify the non-vanishing contribution of
e−6φR4 in this sector. Non-local terms involving a φR4-vertex cannot contribute at order α′3 in
this sector, and the only contributions to the N’MHV matrix elements stem from φ2R4. These
6-point matrix elements are of course local. Up to overall normalization, the 6-point N’MHV
superamplitude is equal to that of the unique local SU(4)× SU(4) SUSY operator in the 6-point
N’MHV sector, ON′MHV6 , which we identified in section 4; see (4.8). We used KLT to calculate the
single required basis amplitude (3.6), and find that the 6-point N’MHV superamplitude of e−6φR4
is given by
MN′MHV6, e-6φR4 = 12×ON
′MHV
6 . (6.2)
It is obvious from (3.6) that amplitudes from e−6φR4 have non-vanishing single-soft scalar limits,
but the entire N’MHV sector is absent for R4, so this does not affect R4.
6.1 The NMHV sector
It takes 9 basis matrix elements (4.12) to determine the NMHV 6-point superamplitude (4.9) with
SU(4) × SU(4) symmetry. To use string amplitudes to construct these basis matrix elements of
13At dimension 8, setting all three scalar basis elements equal to each other gives a superamplitude that produces
non-local matrix elements.
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R4, we first need to identify the SU(8)-violation of e−6φR4. SU(8) requires the relations (4.13)
to hold among the basis amplitudes of R4. An explicit KLT computation shows that two of these
relations,
〈
v12v34|5678 ++−−〉
e-6φR4
= −〈v1|5v234|678 ++−−〉
e-6φR4
,〈
χ123χ4|5678 ++−−〉
e-6φR4
=
〈
χ12|5χ34|678 ++−−〉
e-6φR4
,
(6.3)
are satisfied by the matrix elements of e−6φR4. This means that the only SU(8)-violation occurs
in the 3 scalar basis amplitudes; indeed KLT helps us to show that
〈
ϕ1234ϕ5678++−−〉
e-6φR4
6= 〈ϕ12|56ϕ34|78++−−〉
e-6φR4
6= −〈ϕ123|5ϕ4|678++−−〉
e-6φR4
. (6.4)
The entire SU(8) violation can be attributed to the local operator φ2R4. Its SU(8)-violating
local matrix elements are encoded in a superamplitude proportional to ONMHV6 in (5.6). Its only
non-vanishing basis matrix elements are the 3 scalar ones with the same external states as those
in (6.4). The idea is now to relate the 6-point NMHV superamplitudes of e-6φR4 and R4 as
MNMHV6, e-6φR4 = MNMHV6, R4 + cONMHV6 . (6.5)
The left-hand side will be obtained from the α′-expansion of the string amplitude, with the
normalization of e−6φR4 specified in (3.1). Our goal is to determine the constant c such that we
can isolate the SU(8)-invariant MNMHV6, R4 .
We use KLT to calculate the basis amplitudes of MNMHV
6, e-6φR4
. In particular, we find
〈
ϕ1234ϕ5678 ++−−〉
e-6φR4
− 〈ϕ12|56ϕ34|78 ++−−〉
e-6φR4
= 6× [34]4〈56〉4 . (6.6)
The SU(8)-invariant contributions cancel in this difference, since the external states are SU(8)-
equivalent. Thus the RHS of (6.6) is local and it comes entirely from the unique SU(8)-violating
operator ONMHV6 (5.6). We found in (5.5) that locality of the matrix elements of ONMHV6 required
the difference of the two relevant scalar basis elements to be 12 − 2 = 10. Thus (6.5) and (6.6)
tells us that 10c = 6, i.e. c = 3/5. Then (6.5) gives
MNMHV6, R4 = MNMHV6, e-6φR4 −
3
5
ONMHV6 . (6.7)
We have explicitly checked that the basis amplitudes resulting from (6.7) satisfy all SU(8) con-
ditions of (4.13), and hence all matrix elements computed from (6.7) satisfy the SU(8) Ward
identities. In particular we have
〈
ϕ1234ϕ5678 ++−−〉
R4
=
〈
ϕ12|56ϕ34|78 ++−−〉
R4
= − 〈ϕ123|5ϕ4|678 ++−−〉
R4
, (6.8)
in contrast to the matrix elements to e−6φR4.
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6.2 Soft limits
We can now use the relationship (6.7) to examine the soft scalar limits of 6-point matrix elements
of R4. As in (3.12), the string amplitudes give us
lim
p1→0
〈
ϕ1234ϕ5678++−−〉
e-6φR4
= 6×[34]4〈56〉4 , lim
p1→0
〈
ϕ123|5ϕ4|678++−−〉
e-6φR4
= 3×[34]4〈56〉4 ,
(6.9)
while the soft-limit of the third scalar basis amplitude vanishes:
lim
p1→0
〈
ϕ12|56ϕ34|78 ++−−〉
e-6φR4
= 0 . (6.10)
The corresponding soft limits of R4 are identified by subtracting the SU(8)-violating contri-
bution appropriately according to (6.7). We find
lim
p1→0
〈
ϕ1234 ϕ5678 ++−−〉
R4
= − 6
5
[34]4〈56〉4 , (6.11)
as well as identical soft limits for all the SU(8)-equivalent matrix elements. This agrees with the
result (3.13) found in section 3 by averaging the α′3-contributions of the closed string amplitude
over SU(8).
In [17] it was pointed out that the 6-point NMHV matrix elements of e−6φR4, despite their
non-vanishing single-soft scalar limits, behave under double-soft scalar limits as would be required
for an E7(7)-invariant operator [13]. The double-soft scalar limits reveal the group structure of
the broken E7(7) generators through the non-commutativity of soft limits of two distinct scalar
lines. The double-soft limit analysis is only sensitive to non-local terms, because soft limits on
local terms commute. The NMHV 6-point matrix elements of R4 and e−6φR4 differ only by local
terms. Therefore, the double-soft scalar limits of the 6-point matrix elements of R4, curiously,
also satisfy the consistency relations of [13], even though the single-soft scalar limits have revealed
that it does not respect E7(7).
7 Linear relations between F 4 matrix elements
The intriguing reformulation of the KLT relations as the BCJ squaring relations [27] has recently
lead to a renewed interest in the study of ‘gravity=(gauge theory)2’. The BCJ squaring relations
have been extended to loop level [28, 29], and have motivated the construction of variations
of KLT [30]. In [20], BCFW recursion relations [19] were used to derive KLT-like ‘0=(gauge
theory)2’ relations. As also pointed out in [22], these “vanishing relations” can be understood
from the observation that N(k,k˜)MHV amplitudes in N = 8 supergravity vanish for k 6= k˜. The
KLT relations then give quadratic relations between N = 4 SYM amplitudes of distinct NkMHV
sectors [22, 21].
A particularly simple from of these identities can be obtained from setting k˜ = 0, and explicitly
plugging in the Parke-Taylor formula for the MHV amplitudes A˜MHVn . As was also pointed out
in [21], one then obtains linear relations between NkMHV amplitudes, for any k > 0. For example,
at 5-point, KLT then gives the following relation between 5-point NMHV (=MHV) amplitudes of
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N = 4 SYM:
0 = − [12][34]AMHV5 (2, 1, 4, 3, 5) + [13][24]AMHV5 (3, 1, 4, 2, 5) . (7.1)
This relation is of course immediately obvious from the conjugated Parke-Taylor formula. For
n > 5, however, the analogous relations are non-trivial. For example, at 6-point, they give linear
relations that are valid both for NMHV and anti-MHV 6-point amplitudes. Instead of exploring
these identities for higher-point amplitudes, we now point out similar identities for the matrix
elements of the F 4 operator in the open-string effective action.
The leading α′-correction in the closed string effective action occurs at order α′3. As was also
pointed out in [17], closed string tree amplitudes therefore receive no contributions at order α′2:
M (k,k˜)n
∣∣∣
O(α′2)
= 0 (for any k, k˜) . (7.2)
The leading correction to the open string tree amplitude, however, is already at order α′2. In the
effective action, it is captured by the operator ζ(2)F 4. Therefore, KLT implies linear relations
between the n-point matrix elements of F 4. The coefficients of these linear relations are functions
of Mandelstam variables, multiplied by tree-amplitudes of N = 4 SYM. Schematically, we obtain
∑
P
[
f (2)n ASYM × A˜SYM + f (0)n ASYM × A˜F 4 + f (0)n AF 4 × A˜SYM
]
= 0 , (7.3)
where f
(i)
n are functions of the Mandelstam variables sij, constructed from the O(α
′i) contribution
to fn in (1.1). Note that A and A˜ in (7.3) can belong to any sector N
kMHV and Nk˜MHV,
respectively. We do not have to demand k 6= k˜ as for the leading α′ → 0 identities.
We now illustrate these identities for the 5-point case. We obtain
0 = s12s34
[
AF 4(1, 2, 3, 4, 5)A˜SYM(2, 1, 4, 3, 5) +ASYM(1, 2, 3, 4, 5)A˜F 4 (2, 1, 4, 3, 5)
− (s212 + s234)ASYM(1, 2, 3, 4, 5)A˜SYM(2, 1, 4, 3, 5)
]
+ (2↔ 3) ,
(7.4)
where we normalized the operator F 4 such that it appears as ζ(2)α′2F 4 in the open string effective
action. Similar identities can be derived for n > 5 to relate higher-point non-local matrix elements
of F 4 with different color-orderings.
Before closing this section, let us point out two obvious generalizations of the stringy vanishing
identities we introduced above:
i. The closed string tree amplitude with massless external states also vanishes at order α′4.
This leads to quadratic vanishing identities involving both tree amplitudes of N = 4 SYM
and matrix elements of F 4.
ii. As the closed string tree amplitude vanishes at order α′2 and α′4 in any dimension [31],
the vanishing relations for F 4 are valid in any number of dimensions. This is to be con-
trasted with the vanishing relations for tree amplitudes, which are intrinsically 4-dimensional
because they rely on an NkMHV classification for open string amplitudes. Perhaps it is pos-
sible to find an analogous classification of higher-dimensional amplitudes to also extend the
tree-level vanishing relations to D > 4.
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While these identities between gauge-theory matrix elements emerge naturally from KLT, it would
be interesting to elucidate their origin and role within N = 4 SYM theory.
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